We introduce the concept of presentation for subsemigroups of finitely generated commutative semigroups, which extends the concept of presentation for finitely generated commutative semigroups. We show that for every subsemigroup of a finitely generated commutative semigroup there are special presentations which solve the word problem in the given subsemigroup. Some properties like being cancellative, reduced and/or torsion free are studied under this new point of view.
Introduction
R~dei shows in [8] that every finitely generated commutative semigroup is finitely presented. This result provides a very useful tool to work with this kind of semigroups. However, even if we focus our attention on finitely generated commutative semigroups, one has to deal with non-finitely generated semigroups, due to the fact that a subsemigroup of a finitely generated commutative semigroup does not have to be finitely generated. It may happen that a commutative semigroup which is not finitely generated is not finitely presented. Our principal aim in this paper is to introduce a new concept of presentation for subsemigroups of finitely generated commutative semigroups, which coincides with the classical concept of presentation in the finitely generated case.
In Section 2, we show that this kind of semigroups can be represented by a pair (A, p) where A is a subsemigroup of N k for some positive integer k and p is a finite subset of A × A. In Section 3, we show that there are special presentations that solve the word problem in the given semigroup, and we give a method to compute such special presentations from a given presentation. After that, we characterize, from a given presentation, when the semigroup is a monoid.
In Section 4, we study special types of embeddings for this kind of semigroups. We show that a cancellative subsemigroup of a finitely generated commutative semigroup can be embedded in a cancellative and finitely generated commutative semigroup. The same stands for the property of being torsion free and for the property of being reduced. We also characterize the subsemigroups of Z k for some positive integer k, generalizing a known result for finitely generated commutative semigroups. Finally, we characterize cancellative, torsion free and reduced subsemigroups of finitely generated commutative semigroups in terms of linear (total) orderings.
The last section is devoted to open questions and problems related with the definition of presentation given in this paper, such as checking whether a subsemigroup of a finitely generated commutative semigroup is cancellative, torsion free, reduced, Archimedean, separative, whether it can be embedded in Z k or in N k for some positive integer k. The problems exposed have been solved in a deterministic way for the finitely generated case.
The concept of presentation
Throughout this paper, all semigroups considered are commutative. Thus in the rest of the paper "semigroup" means "commutative semigroup'.
Let S be a subsemigroup of the semigroup T generated by {nl,..., np}. 
